This two-part contribution presents a beam theory (BT) with a non-uniform warping (NUW) including the effects of torsion, and shear forces and valid for any homogeneous cross-section made of isotropic elastic material. In part I, the governing equations of the NUW-BT has been established and simplified-NUW-BT versions has been deduced, wherein the number of degrees of freedom is reduced. In this part II, these theories are used to analyze, for a representative set of cross-sections (CS) (solid-CS and thin-walled open/closed-CS, bi-symmetric or not), the elastic behavior of cantilever beams subjected to torsion or shear-bending. For bi-symmetrical-CS, torsion and shear-bending are analyzed separately: analytical and numerical results are given for the distributions along the beam axis of the cross-sectional displacements and stresses, for the NUW-BT and its simplified versions. Numerical results are also given for the three-dimensional stress distributions close to the embedded section: the stress predictions of the NUW-BT are compared to those obtained by threedimensional finite elements computations. It can be drawn from all these results indications that can help to decide when the simplified theories may be applied, and hence when the warping parameters may be reduced. As specified in NUW-BT, torsion and bending are coupled for non-symmetrical-CS, even if the bending moments refer to the centroid while the torsional moment refers to the shear center. To illustrate this coupling effect, the particular example of the channel-CS presented in Kim and Kim [Kim, N.-I., Kim, M.-Y., 2005. Exact dynamic/static stiffness matrices of non-symmetric thin-walled beams considering coupled shear deformation effects. is analyzed and the results are compared.
Introduction
The non-uniform warping theory, established in part I (El Fatmi, 2007) of this work and denoted by NUW-BT, is based on a warping model using three independent warping parameters associated to the three Saint Venant warping functions corresponding to torsion and shear forces. This theory is then free from the classical assumptions on warping functions or shears and is, a priori, valid for any homogeneous cross-section made of elastic isotropic material. Neglecting some terms of the strain energy related to the warping, simplified versions of the NUW-BT have been deduced. In these simplified theories, the number of degrees of freedom is reduced since the torsional warping parameter is taken as the rate of the twisting angle or/and the shear warping parameters are taken as the corresponding classical shear strains.
To illustrate the NUW-BT, this part II is devoted to analytical and numerical analyzes of cantilever beams made of different kinds of cross-sections (CS) (solid-CS, thin-walled open/closed-CS, symmetric or not) and subjected to torsion or shear-bending. For bi-symmetrical-CS, numerical results are given for the distributions along the beam axis of cross-sectional displacements and stresses. Results are also given for the three-dimensional stress distributions close to the embedded section: the stress predictions of the NUW-BT are compared to those obtained by three-dimensional finite elements (3D-FEM) computations.
For non-symmetrical-CS, we consider the torsion of a cantilever beam made of the channel-CS studied by Kim and Kim (2005) . This torsion induces not only a twisting but also a transversal displacement of the beam. This illustrative example of the torsional-flexural coupling is computed and the results are compared with those of Kim and Kim. The numerical applications of the NUW-BT need, for a given cross-section, to first compute all its characteristics: the cross-sectional constants, the Saint Venant warping functions and the Saint Venant shears. This is achieved using the software tool designated by SECOPE which is available within the finite elements code CASTEM (Le Fichoux, 1998) . SECOPE has been developed conforming to the numerical method proposed by El Fatmi and Zenzri (2004) for the computation of the Saint Venant solution. A quick description of this numerical method will be presented.
The analytical and numerical analyzes are limited (but detailed) to a cantilever beam, because it really constitutes a significant test to appreciate the mechanical quality of a non-uniform warping theory. However, other examples of loading and boundary conditions are presented in Appendix A; for these ones the closed solutions for the one-dimensional structural behavior (displacements and warpings) are given.
In this paper, for convenience, the first section recalls the main NUW-BT results needed for the developments presented in this part II. It should be noted that all the symbols used in this paper are those specified in the beginning of part I.
Non-uniform warping theory

Structural behavior
NUW-BT is based on a displacement model parametrized by the cross-sectional displacement (v, h) and three independent warping parameters (g x , g y , g z ) associated to the three Saint Venant warping functions (w x , w y , w z ) corresponding to torsion and shear forces, respectively: nðv; h; gÞ ¼ vðxÞ þ h x ðxÞx^X þ ðh y ðxÞy þ h z ðxÞzÞ^X þ ðg x ðxÞw x ðXÞ þ g y ðxÞw y ðXÞ þ g z ðxÞw z ðXÞÞx ð1Þ
where (x, y, z) are the unit axial and inertia vectors, X = (0, y, z) is the in-section vector referring to the centroid G and X ¼ ð0; y À y c ; z À z c Þ is the in-section vector referring to shear center C, with (y c , z c ) the coordinates of C. This displacement leads to the classical cross-sectional stresses (R, M), the bimoment vector M w and the secondary internal force vector M s ; their components are denoted by:
where ((.) 0 expresses the derivative with respect to x). The one-dimensional external density forces (p, l, q) are defined by
The external extremity actions F ðHÞ ¼ fP; C; Qg associated to the external surface force densities H are defined by
where (c = v 0 + x^h, v = h 0 ) are the cross-sectional strains, where A is the area, (A y = k y A, A z = k z A) the reduced areas with (k y , k z ) the shear coefficients, (I y , I z ) the moments of inertia, 
Simplified-NUW-BT
Simplified versions of the NUW-BT may be deduced if one or more of the terms M where [I w ] is the warping matrix and the supperscript f ðÁÞ used to specify that the quantity (AE) refers to the simplified-NUW-BT.
Three-dimensional stresses
For bi-symmetrical-CS, the non-symmetry constants ðy c ; z c ; I xy w ; I xz w ; I yz w Þ vanish and the expressions of the axial stress and the shear are given by: For the simplified-NUW-BT, the stresses can be evaluated by the same relations but with f M w and a secondary internal vector f M s deduced from the third equation (Eq. (5)) of the equilibrium. For the following r num xx and s num will be simply denoted by r xx , s.
Shear at the edge
Consider a beam free of loading on its lateral surface. The expression Eq. (13) of the shear is constructed with the Saint Venant shears (s x , s y , s z ) and supplementary terms (x^X), (y) and (z) associated to M s , T y s and T z s , respectively. Saint Venant shears naturally vanish at the free edge of the cross-section but the supplementary terms violates the ''no shear'' boundary conditions at the edge. Thus, a part of the contribution of the secondary internal forces is not really satisfying; nevertheless, Eq. (13) will be used, in the numerical applications, to estimate the order of magnitude of the shear.
Analytical analyzes of torsion and shear-bending of a cantilever beam
Let us consider a cantilever beam of length L, embedded at S 0 and subjected to a surface force densities H acting on S L . Two cases of loading will be considered:
• H 1 , such as F ðH 1 Þ ¼ f0; Cx; 0g; this case corresponds to a torsion of the beam with a tip torsional moment C.
• H 2 , such as F ðH 2 Þ ¼ fP y; 0; 0g; this case corresponds to a shear-bending of the beam with a tip transversal force P.
In this section, we first analyze the torsion of a channel-cross-section (Fig. 2a) to show the twisting-bending coupling due to the non-symmetry of the cross-section. Then, for a bi-symmetrical cross-section, torsion and shear-bending ( Fig. 2b and c) are studied separately; for each case, the analytical solutions of the NUW-BT and the corresponding simplified-NUW-BT will be compared. Before these analyzes, it is useful, for the following, to record the Saint Venant beam theory (SV-BT) results for these loadings:
• for the torsion, the rotation is x-linear, there is no axial stresses and the shear is x-constant and given by s sv = s x . The rotation of the end section, denoted by h sv L , is given by:
• for the shear-bending, the transversal displacement is x-cubic, the axial stresses due to the bending is (x, y)-linear and the shear is x-constant and given by s sv = s y . The deflection of the end section, denoted by v sv L , can be written as:
where v B L corresponds to the deflection associated to Bernoulli-BT. It should be noted that, in Timoshenko-BT, the deflection has the same expression (Eq. (15)), but with k y a correction factor and not the shear factor that naturally appears in SV-BT.
Torsion of a mono-symmetrical cross-section
For the channel-CS (Fig. 2a) , y c and the warping constant I xz w are different from zero. The equations corresponding to this equilibrium problem are:
One can deduce from these equations that (g x , v x , g z , c z ) are governed by these two following coupled equations: This shows that, due to the non-uniformity of the warping, twisting and bending are coupled because of the coupling warping constant I xz w . Thus, this (pure) torsion of the beam will induce not only a twisting but also a transversal displacement v z . This case, conforming to the particular example treated by Kim and Kim (2005) , will be numerically computed in Section 4.4.
Torsion of a bi-symmetrical cross-section
Consider the torsion of the beam with a bi-symmetrical-CS (Fig. 2b) .
NUW-BT
The equations are:
Eq. (18) implies that (v x , g x ) are governed by similar equations:
Let us introduce the scalar
The solution for the torsion is given by: 
The extreme values are:
and conforming to Eqs. (12) and (13), the stresses are given by:
It is to note that, for x = 0 (in the embedded section), we have: 
This implies that h x must satisfy the differential equation:
For the solution of this (torsion)-simplified-NUW-BT written hereafter, the secondary torsional moment is deduced from the equilibrium equation Eq. (5), the stresses are expressed conforming to Eqs. (12) and (13) and the constant e K x is defined by ffiffiffiffiffiffi
The stresses are given by:
and, for x = 0, we have:
Comparison
If J ( I x , which is really the case for open thin-walled cross-section (see the numerical characteristics in Table 1 ), the term ðI x À J Þ=I x becomes very close to one, and g x becomes very close to v x ð¼ h 0 x Þ:
Furthermore, in that case K x % e K x , and all the results (displacements, internal forces and stresses) of the NUW-BT become very close to those of the simplified-NUW-BT. Thus, for the torsion of open thin-walled profiles, the simplified-NUW-BT can be applied.
For such profiles, if we approximate I xx w by I x which is the value of the torsional warping constant for which w x is approximated by the sectorial area x, h x -equation conforming to Eq. (19) becomes
which recovers the fundamental equation of the classical Vlasov non-uniform torsion of open profiles.
Shear-bending of a bi-symmetrical cross-section
Consider (Fig. 2c ) the shear-bending of a beam with a symmetrical cross-section.
NUW-BT
Equilibrium Behavior Boundary conditions
Similarly to the case of torsion, (c y , g y ) are governed by analogous equations:
Introducing the scalar K y defined by K y ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
GAy EI yy w
AÀAy A r , the solution takes the forms: 
The extreme values are: 
It is to note that, for x = 0, we have,
and, for x = L, using the value of the Saint Venant deflection (Eq. (15)), v y (L) can be separated into two parts:
3.3.2. Simplified-NUW-BT For the shear-bending, we consider the H
The shear force is constant T y = P, the bending moment is M z = P(L À x) and the other equations are now:
This implies that c y must satisfy the equation: 
The stresses are given by: 
For x = 0, we have:
and, for x = L, using the value of the Saint Venant deflection (Eq. (15)), e v y ðLÞ can be separated into two parts:
Comparison
The equations are very similar to those of torsion, and we must have A y ( A (or a shear coefficient k y ( 1) to make the results of the simplified NUW-BT close to those of the NUW-BT. However, this is more difficult to realize since A y and A are generally of the same order of magnitude (see the numerical characteristics in Table 1 ). Thus, a priori, the results of this simplified-NUW-BT may not be acceptable.
Numerical applications
Computation of the Saint Venant cross-sectional characteristics
For the numerical applications, NUW-BT needs to previously know all the Saint Venant cross-sectional characteristics: in particular, the cross-sectional constants (A, A y , A z , I y , I z , J, y c , z c ), the warping functions (w x , w y , w z ) and the Saint Venant shears (s x , s y , s z ) corresponding to the torsion and the shear forces. This is done conforming to the numerical method developed by El Fatmi and Zenzri (2002, 2004) that computes cross-sectional operators (CSO) that contain all these characteristics. These CSO, are used in part-I to express Saint Venant results within the frame work of the exact beam theory of Ladevèze and Simmonds (1998) .
This method is based on a mathematical characterization of the CSO showing that they can be fully determined by the minimization of six functionals derived from the potential energies associated to six elasticity problems. These problems correspond to traction, torsion, bendings and shear forces. For each one, the loading is taken such as the exact solution coincides with that of Saint Venant. These problems may be solved with two or three-dimensional finite elements methods (2D-FEM or 3D-FEM). It is worth to note that, in each case, the stiffness matrix is the same for the six problems and only the loading changes. The 2D-FEM described in (El Fatmi and Zenzri, 2002 ) is very economic since only the cross-section has to be discretized. However, the method is not suited to an immediate use of standard finite elements elasticity codes, since the obtained rigidity matrix is different from that of usual elasticity problems (such as plane stress or plane strain). Its implementation within available codes needs the introduction of a new finite element model. Such work can be avoided by using the 3D-FEM proposed in (El Fatmi and Zenzri, 2004) . This second method consists in solving the six problems on a longitudinal slice of beam. The computation is immediate when using standard three-dimensional elasticity codes that afford the quadratic 15-nodes triangular prism element or the 20-nodes rectangular prism element. The cross-section has to be discretized as necessary but only one element is required in the longitudinal direction of the beam. Thus the cost remains economic.
This numerical 3D-FEM has been implemented as a tool called SECOPE (SECtion OPErators) within the finite element code CASTEM (Le Fichoux, 1998) . To illustrate the efficiency and the accuracy of the exact beam theory and its associated numerical method for the study of arbitrary elastic cross-section, numerous results are presented in (El Fatmi and Zenzri, 2002, 2004) on structural behavior of beams, 3D displacements (in-plane and out-plane) and 3D stresses (normal and shear), for a large representative set of cross-sections.
Cross-sections and characteristics
Consider the representative set of cross-sections denoted by S 1 , S 2 , S 3 , S 4 and S 5 depicted in Fig. 3 . The dimensional characteristics of these cross-sections are parametrized by h and the thickness for S 2 , S 3 , S 4 and S 5 is t ¼ . For all the cross-sections the mechanical constants are E = 200 GPa and m = 0. For each cross-section, the CSO have been computed by the numerical tool SECOPE presented above. The warping functions (w x , w y , w z ) are given in Fig. 4 and the cross-sectional constants are given in Table 1 . obtained for the cross-sections S 1 , S 2 and S 3 which represent a solid-CS, a (thin-walled) closed-CS, and an (thin-walled) open-CS, respectively. These analyzes will concern the variations of the one-dimensional quantities (displacements and internal forces) along the cantilever beam and also the stresses, in particular close to the embedded section S 0 . For each loading, the results of the NUW-BT and the simplified-NUW-BT will be compared. The comparison will concern only the extreme values of the one-dimensional quantities. We define for that the error in % on an extreme value a by eðaÞ ¼ j e aÀa a j Â 100, where e a corresponds to the simplified theory. For the torsion a will be one of fh x ðLÞ; g x ðLÞ; M x w ð0Þ; M s ð0Þg and for the shear-bending a will be one of fv y ðLÞ; g y ðLÞ; M y w ð0Þ; T y s ð0Þg. For the stresses, the results will be compared with 3D-FEM computation of the cantilever beams. The comparison will concern the axial stress r xx and the shear s obtained in the embedded section S 0 , and the variation of the shear along the span, for particular important points of the cross-section (specified in Fig. 5 ). It is expected that, starting from S 0 , shear solution will come nearer to that of Saint Venant. So, it will be useful to give, for each cross-section and loading, the distributions over the section of the Saint Venant shear. (AE) 3D will denote a quantity obtained by the 3D-FEM computation, (AE) 1D a quantity obtained by the present NUW-BT, and (AE) sv a quantity corresponding to Saint Venant solution (computed with SECOPE). It should be noted that the numerical 3D-FEM results on the stresses have to be considered more qualitatively than quantitatively when they concern the embedded section S 0 or for singular regions of the section; nevertheless, these numerical 3D-FEM results will be given and compared with the NUW-BT ones. Besides, the distribution mode of the traction H acting on the end section S L having a local effect on the results, the comparison will not concern the local region close to S L .
Torsion
The beam is subjected to a unit tip torque (C = 1), and the aspect ratio Qualitatively, the values of the axial stresses are of the same order of magnitude and, as expected, the shapes of the axial stress distributions on S 0 are very similar to those of the torsional Saint Venant warping function (w x ) depicted in Fig. 4 . This backs up, for the torsion, the choice of the Saint Venant function in the warping modelling for the displacement. For the solid-CS (S 1 ) and the closed-CS (S 2 ), the shear distributions on the built-in section, are just a little different of that of Saint Venant and, going away from this critical section, these distributions come rapidly nearer to that of Saint Venant. Furthermore, in the built-in section, the extreme values of the shear jsj are lower than those of Saint Venant jsj sv , and of the same order of magnitude with those of the axial stresses due to the restrained warping (see Table 3 ).
In contrast to S 1 and S 2 , for the open-CS (S 3 ), the shear distribution in the built-in section is really different from that of Saint Venant and the magnitude order of the extreme value of the shear is negligible compared with that of Saint Venant. Going away from this critical section, the shear come slowly (all along the span) nearer to that of Saint Venant. More important, in the critical section, compared to the axial stress due to the restrained warping (see Table 3 ), the shear is negligible.
Conclusion on torsion results.
The above results allow to conclude that the torsional behaviors of the solid-CS and the closed-CS are similar. For the twisting angle, SV-BT is sufficiently precise even if the ratio L h is relatively small. However, for the stress predictions close to the critical section, the restrained warping must be taken into account. For that, NUW-BT can be used and Table 2 indicates that the simplified version of the NUW-BT is not applicable. In contrast, for an open-CS, SV-BT is no longer sufficient, it is necessary to take into account the non-uniformity of the warping for both structural behavior and stress predictions. However, simplified-NUW-BT can be applied with success. 
Shear-bending
The beam is subjected to a unit tip transversal force (P = 1), and the aspect ratio L h is chosen to be equal to 2.5. The structural behaviors of the three kinds of cross-section are similar, even if the case of the solid-CS (S 1 ) is a little different. The warpings effects remain very localized close to the embedded section.
For an aspect ratio L=h higher than 10, the deflection can be evaluated by Bernoulli-BT, i.e. v B L . For a shorter beam, shear effect must be taken into account; however, it should be noted that the deflection (Eq. (38)) can be evaluated with that of SV-BT since v sv L represents 99% of the total deflection v y (L). Table 4 4.3.2.2. Axial stress. Fig. 12 depicts, for each cross-section, the distribution on the embedded section S 0 of the axial stresses ðr (12)). As expected, the shape distributions of the axial stresses on S 0 are very similar to those of Saint Venant warping functions corresponding to the shear forces (w y ) depicted in Fig. 4 . This backs up, for the shear-bending, le choice of the Saint Venant function in the warping modelling for the displacement. Table 5 a-the jsj 3D shear distribution in the embedded section S 0 , indicating the values of the shear for a particular point A (or G) of the cross-section (see Fig. 5 ), b-the value of the jsj 1D shear in the embedded section S 0 which is constant and given by (Eq. (37)), c-the variations, starting from S 0 , of the shears jsj 3D and jsj 1D normalized by jsj sv for the particular point A (or G) where jsj sv is maximum, Table 4 Comparison between NUW-BT and the simplified-NUW-BT for L = (2.5h, 10h)
e(v y (L)) % 0.002 À 0.000 0.000 À 0.000 0.000 À 0.000 e(g y (L)) % 0.000 À 0.000 0.000 À 0.000 0.000 À 0.000 eðM Shear-bending We observe that, for the three kinds of cross-sections, the shear distributions on the embedded section are similar to that of Saint Venant but with a lower extreme value. More important is that, on this critical section, the extreme values of the shear are lower than the axial stresses due to the restrained warping (see Table 5 ).
Conclusion on shear-bending results.
For the shear-bending, the structural behaviors of the three kinds of cross-section are similar, and the effect of the non-uniformity of the warping is very localized close to the critical section. The evaluation of the deflection can be done with SV-BT, and do not need a non-uniform warping theory. However, for a short beam and close to the critical section (as an embedded one), the stress prediction (especially the axial stress) must take into account the effect of the restrained warping, and use a non-uniform warping theory. In that case, Table 4 indicates that the simplified version of the NUW-BT is not applicable.
Torsion of a mono-symmetrical cross-section
We consider herein the particular case studied by Kim and Kim (2005) : the cantilever beam (Fig. 2a) of length L = 18 m, made of the channel-cross-section depicted in Fig. 14 , is subjected to an end torque C = 1 kNm. The elastic characteristics are E = 30 MPa and G = 13 MPa.
Kim-BT, written for open/closed thin-walled cross-section, is built on a mixed approach using the Hellinger-Reissner principle. This approach considers a kinematic model similar to that of NUW-BT, but where only the torsional warping function is considered, and introduces (thin-walled) Vlasov assumptions for the shear. Kim-BT shows a torsional-flexural coupling for a non-symmetrical cross-section due to the non-uniformity of the warping. For this torsion, a lateral displacement v z has been computed. We shall herein study the same example with the present NUW-BT and compare the results.
For this channel cross-section, the cross-sectional constants computed by SECOPE are specified in Fig. 14 . The governing equations corresponding to this equilibrium is given by Eq. (16). The solution will be computed by one-dimensional finite elements method. For this particular case h y = 0 and the potential energy to minimize is the functional W p of (v z , h x , g x , g z ): ( h ) and the boundary conditions are v z (0) = h x (0) = g x (0) = g z (0) = 0. For the beam finite elements, cubic (Hermit-type) interpolation (shape) functions are used to approximate each of v z , h x , g x and g z , and three elements are used to discretize the beam. The results for h x and v z are presented in Table 6 . The NUW-BT-results are compared with those of Kim-BT, Vlasov-BT (classical non-uniform torsion of open-cross-section) and SV-BT (which corresponds to a uniform warping).
For h x , the results are similar for the three theories (Vlasov-BT, Kim-BT, NUW-BT) and the twisting angle at the free end of the beam h x (L) for non-uniform theories is 90% lower than for uniform theory. This result brings on justification for the classical Vlasov theory for open thin-walled cross-section to compute the twisting behavior, even if the cross-section is non-symmetric. The transversal displacement due to the flexural-torsional coupling computed by the present theory and that of Kim and Kim are very close.
Comments
Both Kim-BT and NUW-BT find out a torsional-flexural coupling related to the non-symmetry of the cross-section but with different approaches. Kim-BT is built on a mixed approach (kinematic and static assumptions) and is written for thin-walled open/closed cross-sections, whereas NUW-BT is based on a fully kinematic approach and is supposed to be valid for any cross-section.
Conclusion
In this part-II, NUW-BT has been applied to analyze torsion and shear-bending of cantilever beams made of different kinds of cross-section. NUW-BT and simplified-NUW-BT results for the one-dimensional behavior have been compared and axial and shear stresses deduced from the NUW-BT or computed by 3D-FEM have been analyzed, in particular for the critical section of the beam where the warping is restrained. Even if the applications are restrained to a cantilever beam, they show the general character of this non-uniform beam-theory and its ability to describe the warping effects if compared with classical beam theories. It can be drawn from all this set of results some indications that can help to decide when the simplified theories may be applied, and hence when the warping parameters may be reduced:
• For the torsion, solid-CS and (thin-walled)-closed-CS behaviors are very similar. For the twisting angle, SV-BT is sufficiently precise even if the aspect ratio L h is relatively small. However, close to the critical section (as an embedded one), since shear and axial stress (due to the restrained warping) become of the same order of magnitude, the stress prediction with a beam theory must take into account non-uniform warping. In that case, it should be noted that the simplified version of the NUW-BT is not applicable.
In contrast, for (thin-walled)-open-CS, the mechanical behavior is strongly influenced by the non-uniformity of the warping and SV-BT is no longer sufficient. However, for both structural behavior and stress prediction, the simplified 1 version of the NUW-BT may be applied with success.
• For the shear-bending and for any kind of cross-sections, the evaluation of the deflection can be done with SV-BT, even if the aspect ratio L h is relatively small. However, for a short beam, close to the critical section (as an embedded one), axial stress due to warping cannot be neglected and stress prediction must take into account the effect of the restrained warping using a non-uniform warping theory. In that case, it must be noted that the simplified version of the NUW-BT is not satisfying.
• Case (b): loading l, boundary conditions x = ± l: h x = g x = 0 • Case (e): loading F, boundary conditions 
